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Abstract. Lithium-ion batteries show strongly nonlinear behaviour regarding the battery current and state of
charge. Therefore, the modelling of lithium-ion batteries is complex. Combining physical and data-driven mod-
els in a grey-box model can simplify the modelling. Our focus is on using neural networks, especially neural
ordinary differential equations, for grey-box modelling of lithium-ion batteries. A simple equivalent circuit
model serves as a basis for the grey-box model. Unknown parameters and dependencies are then replaced by
learnable parameters and neural networks. We use experimental full-cycle data and data from pulse tests of a
lithium iron phosphate cell to train the model. Finally, we test the model against two dynamic load profiles:
one consisting of half cycles and one dynamic load profile representing a home-storage system. The dynamic
response of the battery is well captured by the model.

Keywords: neural ordinary differential equations; grey-box model; equivalent circuit model; lithium-ion bat-
tery.

1 Introduction

Lithium-ion batteries play an important role in our everyday life: They supply portable devices such as smart-
phones with electrical energy, are a key technology for electromobility, and are used in stationary applications
such as home-storage systems. Battery models are used to predict the dynamic voltage and current behaviour and
to monitor internal states. There are many different types of models with different accuracy and complexity [1,2].
We summarize a grey-box (GB) modelling approach that uses an equivalent circuit model (ECM) as a basis and
was first introduced in Ref. [3].

GB modelling is the combination of white-box (WB) and black-box (BB) modelling techniques. BB models
learn relations between inputs and outputs of systems based on data. Neural networks belong to the BB mod-
elling techniques. WB models use mathematical equations derived from prior physical, chemical or engineering
knowledge to describe the behaviour of the underlying system [4,5,6,7].

Many approaches in current research use neural networks to model lithium-ion batteries. The authors of
Ref. [8] and Ref. [9] use neural networks to predict the state of charge (SOC) of a battery whereas the authors
of Ref. [10] focus on the state of health (SOH) prediction. In Refs. [11] and [12] neural ordinary differential equa-
tions (NODESs), a special form of neural network, are used for GB modelling of lithium-ion batteries. The authors
of Ref. [11] model aging effects such as solid electrolyte interface formation, lithium plating, and active material
isolation as well as the increase in the internal resistance. The final deviation of the physical model and measure-
ment results is approximated with NODEs. In contrast to that, we built a GB model of a lithium-ion battery based
on a simple ECM in our previous work [12]. Herein, the voltage drop across the included resistor—capacitor (RC)
circuit is represented by NODEs.

We continued our previous work from Ref. [12] by considering the battery dynamics. The methods and results
can be found in Ref. [3] in detail and are summarized here. We used additional data from charging and discharging
with pulsed currents during the training of the GB model to identify the time constant of the fast battery dynamics.
Neither temperature dependencies nor aging effects have been considered.

We applied our GB modelling approach to a large-format 180 Ah prismatic commercial lithium-ion cell with
lithium iron phosphate (LFP)/graphite chemistry. The experimental properties of the cell have been investigated
in great detail in Ref. [13]. The state diagnosis of LFP cells is challenging because of their flat, plateau-like
open circuit voltage curve and charge-discharge voltage hysteresis [14]. One of our goals is to investigate the
applicability of our GB modelling approach to this type of cell.

2 Methodology

In this section, we give a short introduction to NODEs. Furthermore, we present a simple ECM and show how to
derive a GB model from it. The section is complemented with initialization, normalization, and training techniques.
Finally, we give insights into the experimental basis.
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2.1 Background: Neural Ordinary Differential Equations

The interested reader can find a detailed overview of neural networks in Ref. [15].

In Ref. [16] residual neural networks (ResNets) are introduced. They overcome problems with the degradation
of the training loss with an increasing number of hidden layers in deep neural networks by adding additional short-
cut connections to feedforward networks. These short-cut connections allow the direct addition of the input of a
neuron to its output. ResNets can be used for time series prediction.

The state transformation from layer ¢ to layer ¢ + 1 in a ResNet follows the recursive formula [16]
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where, z; € R? is the vector of the hidden states at layer ¢, 6; the learned parameters of layer ¢ and f : RY — R¢
a learnable function. Herein, the vector 8 of learned parameters summarizes the learned weights and biases. The
explicit Euler discretization of the initial value problem [17,18,19,20,21,22,23]
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can be derived through parameter sharing across the layers (8; = 6 fort = 0,...,7 — 1). The right-hand
side of the differential equation according to Equation (2) is represented by the neural network f. Therefore,
it is called NODE. Starting from the initial state z (0) a differential equation solver delivers the output state
z (T)[17,20,21,23].
The differential equation according to Equation (2) is generalized to consider external variables w (t) [12]:
dz (t)
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As stated in Refs. [12] and [24] one can combine NODEs with differential equations derived from prior physical
knowledge in one equation system to build a GB model.

2.2 Equivalent circuit modelling

Besides physical modelling, it is a common approach to use ECMs to describe the dynamics of lithium-ion batter-
ies. Due to their simplicity, ECMs are often used for SOC and SOH predictions [25,26,27].

As in Ref. [12], we used a simple ECM as a basis for GB modelling of the battery. The chosen ECM is shown
in Figure 1. It is composed of an SOC-dependent voltage source, a hysteresis voltage drop, a serial resistor, and
one RC circuit. We include parameter dependencies on battery current and SOC. The ECM can be described by
the following equation system:
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Fig. 1: ECM of a battery consisting of an SOC-dependent voltage source, a hysteresis voltage drop, a serial resistor,
and an RC circuit. [3]. CC BY 4.0 https://creativecommons.org/licenses/by/4.0/
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with the battery capacity Chqt, the hysteresis voltage drop vnys, the serial resistance Rg, the charge-transfer resis-
tance Ry (SOC, ip,4) in the RC circuit depending on SOC and battery current, the double-layer capacitance C
and the SOC-dependent open-circuit voltage (OCV) voc (SOC). The battery voltage vy, is the output of the dy-
namic system and the battery current iy, serves as the external input. The current for battery discharge is defined
as positive, and the current for battery charge is defined as negative.

2.3 Grey-box modelling

The ECM according to equation system (4) served as a basis for GB modelling. We replaced unknown parameters
and dependencies with learnable parameters and neural networks. As they are unknown or only approximately
known, we considered the battery capacity Ch,,¢ in Equation (4a), the double-layer capacitance C; in Equation
(4b), the hysteresis voltage drop vnys, and the serial ohmic resistance Rg in Equation (4¢) as learnable parameters.
The charge-transfer resistance and its dependency on battery current and SOC are also unknown. As observed
experimentally [13], it may have different characteristics during charging and discharging. Due to this fact, we
represented the charge-transfer resistance R; through two learnable functions or rather two neural networks. De-
pending on the sign of the battery current, one of these learnable functions is chosen; at zero current (ipay = 0 A)
the mean is taken.

In the output equation 4c we had to establish a link between OCV and SOC. Therefore, we derived voc (SOC)
from dedicated quasi-OCV measurements (cf. [13]). Overall, we derived the following GB model:

% = _wioibat (5a)
£ (SOC, inar, 05) Vibat < 0
R (SOC, ibat) = { g (SOC, s, 0,) Vibat > 0 (5¢)
% (f (SOC, ibat, 0f) + g (SOC, ibas, 04)) else
Ubat = v0C (SOC) — wa - 5gn (ibat) — W3 * ibat — VRC1 (5d)

with the learnable parameters wy, w1, ws, and ws. The functions f and g represent feedforward networks with their
respective learnable parameters 8¢ and 8,. We chose neural networks with one hidden layer and rectified linear
unit (ReLU) activation for f and g. We varied the number of neurons in the hidden layer between 10 and 300. The
SOC and the battery current serve as inputs to the neural networks and the ohmic resistance R; is the output.

The GB model combines physics-based ordinary differential equations (ODEs) and machine-learning-based
NODE:s in one equation system. This equation system is solved numerically within a single framework.

2.4 Experiments

We applied the proposed GB modelling approach to a single lithium-ion battery cell of the Chinese manufacturer
CALB, model CA180FI. The cell is shown in Figure 2. The large-format prismatic cell with a nominal capacity of
180 A uses LFP at the positive electrode and graphite at the negative electrode. Experimental measurements were
performed under a controlled laboratory environment (climate chamber CTS 40/200 Li) using a battery cycler
(Biologic VMP3). Details can be found in Refs. [3] and [13].

We used the measurement data from Ref. [3]. In detail, we used the constant current constant voltage (CCCV)
charge and discharge curves with different C-rates of 0.1C, 0.28 C, and 1 C (corresponding to 18 A, 50 A, and
180 A, respectively) during the CC phase. The upper and lower cutoff voltages were 3.65V and 2.5V, respec-
tively, and a cut-off current of the CV phase of C/20 was used. Additionally, one charge and one discharge curve
with a pulsed current were recorded: During 50 A CC operation, every two SOC-percent the current was reduced
to 25 A for 30s. Furthermore, two independent measurements that we used for model testing were carried out.
Firstly, the cell was cycled with 50 A between 25 % and 75 % SOC, in the following referred to as half cycles.
Secondly, measurements with a dynamic load profile over 48 h representing a home storage battery in a single-
family house were performed. This synthetic load profile was taken from Ref. [28] and downscaled to the energy
of the present cell. During all measurements the ambient temperature was kept at 7' = 25°C. To reduce the
number of measurement points per data series, measurement values were deleted if the current only changed by
| Adpat| < 0.5 A and the measured voltage changed by | Aupat| < 0.5mV. The measurement data were recorded
and used as voltage versus time and current versus time series. The experiments are described in more detail in the
original contribution [3].
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Fig. 2: Photograph of the CALB cell

2.5 Normalization and initialization

It is recommended to scale the inputs of neural networks to simplify the training process. The input variables
should be transformed in a way that their average over the complete training data set is close to zero. Additionally,
the input variables should have similar value ranges [29].

We scaled all inputs to values between —1 and 1 to achieve a similar value range as for the SOC which is in
the range of 0 to 1. The output values of the neural networks were normalized to the same value range. As we did
not use different learning rates for different parameters, we also scaled the learnable parameters. For this reason,
we had to estimate their order of magnitude. Additionally, the learnable parameters have to be initialized at the
beginning. Therefore, we took a closer look at the training data to estimate the unknown parameters.

To find for example a good initial value for the battery capacity or rather the learnable parameter wy, one can
calculate the charge throughput for a whole charging or discharging process by integrating the measured current
over time. The other parameters can be estimated by analyzing the voltage response of the battery following a
current step or by analyzing the overpotential. The interested reader is referred to Ref. [3] for more details.

2.6 Simulation and Optimization Methodology

We implemented the GB model in Python (version 3.7.6). Tensor computing and automatic differentiation were
performed with the open-source machine learning framework PyTorch (version 1.9.0) [30]. We used the torchdiffeq
library (version 0.2.1) [31] which builds on PyTorch to solve the ODEs and to backpropagate through the solutions.
In detail, we used the Dopri8 method with an absolute tolerance of 10~° and a relative tolerance of 1072 to solve
the differential equations and the standard odeint method from torchdiffeq for backpropagation. Finally, the loss
minimization was carried out with an Adam optimizer.

2.7 Training

Only a small data base was available for training the GB model. Therefore, we decided to split the training into two
consecutive steps: First, we used the CCCV data to train a simplified, static version of the GB model. Afterward,
the battery dynamics were taken into account by considering the data from charging and discharging with a pulsed
current.
In detail, in the first step we converted the differential equation (5b) into an algebraic equation by neglecting
the double-layer capacitance:
vre1 = R1 (SOC, ibat) - ibat- (6)

The resulting simplified GB model was trained with the time series data from CCCV charging and discharging
with different C-rates. We initialized and scaled the learnable parameters wy, ws, and w3 and the neural networks
f and g of the simplified model as described above and in Ref. [3] in detail. To solve the differential equation (5a)
we had to provide an initial value for the SOC. We assumed that the battery was in equilibrium at the beginning
of each time series and therefore the battery voltage was equal to the OCV. We used the inverted OCV(SOC)
curve to obtain the respective SOC value. The learning rate of the Adam optimizer was decaying between 102
and 1073, The loss function was defined as the root mean squared error (RMSE) between the simulated battery
voltage and the measured battery voltage. Additionally, approximated SOC values lower than 0 or higher than 1
were penalized. The total number of training epochs was varied as a hyperparameter of the training process. The
optimization steps were carried out with stochastic gradient descent. We stored the parameters when the total loss
of all considered training data sets decreased.
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Fig. 3: Simulation results: ?; as a function of SOC for different battery currents; (left): charging, (right): discharg-
ing. [3]. CC BY 4.0 https://creativecommons.org/licenses/by/4.0/

In the second step, we completed the training with the whole GB model according to Equations (5a) to (5d).
Therefore, we initialized w; as stated previously. The other parameters were taken from the pre-trained model
and the initial SOC was determined as before. The initial value of the voltage drop vrc; across the RC circuit
was needed as well. We assumed vrcy (£ = 0) = 0V. The loss function was implemented as before. However,
a constant learning rate of 10~2 was chosen. During the first ten training epochs of the second part, we only
considered the data from charging and discharging processes with a pulsed battery current. Afterward, we also
took the other training data sets into account. Additionally, we only considered w; as a changeable parameter
during the first 20 of 30 training epochs in this second part of training. The other parameters were frozen. Here,
we chose batch gradient descent for parameter optimization.

As mentioned before, the number of hidden neurons in f and g was varied between 10 and 300. The number
of training epochs in the first training step served as a second hyperparameter. It was varied between 100 and 1000
while training part two was not changed. The detailed evaluation of the results in Ref. [3] finally made us choose
the trained model with 100 hidden neurons in f and g and 300 training epochs in training step one as the final GB
model.

2.8 Test

We tested the final GB model against the data sets covering the half cycles and the synthetic load profile. For the
half cycles, the integration of the differential equation system resulted in a step size underflow. Therefore, we had
to increase the absolute tolerance of the solver to 10~ for the half cycles. Otherwise, we proceeded the same way
as for training.

3 Results and Discussion

The training and test results can be found in detail in Ref. [3]. Here, we discuss the most important findings.

3.1 Training

After finishing the training, we took a closer look at the learned parameters and neural networks. The evaluation
of the learned parameters with their respective scaling factors resulted in the following values:

Chat = 191.5 Ah

C1 = 50.69kF
Upys = 11.25mV
Rg = 281.4 2.
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Fig.4: Simulation results using NODEs for grey-box modelling of a lithium-ion battery in comparison to exper-
imental data; left: charge and discharge curves for different C-rates at 7' = 25 °C. The lower branches represent
discharge (time progresses from right to left), while the upper branches represent charge (time progresses from left
to right); right: relative approximation error; (a) the whole SOC range (b) focus on medium SOC. [3]. CC BY 4.0
https://creativecommons.org/licenses/by/4.0/

The charge-transfer resistance is represented by the two neural networks f and g. Figure 3 illustrates the final
results for R;. The left panel shows the charge-transfer resistance for charging while the right panel shows the
results for discharging as a function of SOC for different current values. The charge-transfer resistance is in the
range of up to several milliohms.

When the absolute battery current is increased, the charge-transfer resistance decreases for both charging and
discharging. At a medium SOC, the resistance is lower than at a low or a high SOC. During charge, the highest
values occur when the cell is (nearly) full, during discharge, the highest values occur when the battery is (nearly)
empty. This is typical for lithium-ion batteries with LFP cathode [13]. However, one has to keep in mind that the
model is based on a simple equivalent circuit. It is therefore difficult to derive detailed electrochemical properties
of the battery from the results.
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Fig.5: Simulation results using NODEs for grey-box modelling of a lithium-ion battery in comparison to exper-
imental data at 7' = 25 °C. The focus is on discharging with a pulsed current at a medium SOC; (left): battery
current versus time; (right): battery voltage versus time

3.2 Comparison of Model against Training Data

Figure 4 shows the training results in comparison to the measured battery voltage. Here we chose a representation
in the form of voltage versus SOC. The measurement data was given as voltage versus time series. However,
the graphical display versus SOC allows a better comparison for different C-rates. The measured and the learned
battery voltage are shown in the left panel. The right panel shows the relative approximation error concerning the
measured battery voltage. Figure 4a shows the complete SOC range while Figure 4b focuses on a medium SOC.
Overall, the simulation results are well in accord with the experiments for all investigated C-rates. The absolute
value of the relative approximation error is smaller than 1% for a wide range of SOC. Only for (nearly) full and
(nearly) empty batteries, the approximation error reaches an absolute value of up to around 3 %. As the OCV(SOC)
curve (shown in blue in Figure 4a,b) is very steep for high and low values of SOC, higher approximation errors are
expected. Especially, for this reason, the results are acceptable.

Figure 5 shows the training results for a pulsed current discharge in comparison to the measured battery voltage.
In the original contribution [3] we have shown an excerpt of the charge branch for comparison. In contrast to
Figure 4 we chose a temporal representation here. Figure 5 shows the voltage curve for a medium SOC. We
achieved good results for the voltage response of the battery following a current step. However, the absolute
voltage drop is underestimated by the model. The simulation shows an exponential behaviour resulting from the
first-order dynamics of the RC element (Equation (5b)) which differs slightly from the experiment. Here, one has
to keep in mind that we have chosen a rather simple ECM as a basis for GB modelling. The results are similar for
other SOC values and the charge branch.

In conclusion, the training results are in good agreement with the experiment.

3.3 Comparison of Model against Test Data

We used data not included in the training data set to test the final GB model. The measurement data from several
consecutive half cycles served as the first test data set. The approximation results are shown in Figure 6 in compar-
ison to the experimental data. Figure 6a shows the complete time series. Overall, the results are in good agreement
with the measured battery voltage. Figure 6b focuses on the last three half cycles of the time series. Particularly at
the beginning of each half cycle, some deviations occur between simulation and experiment. However, overall the
results are good.

The synthetic load profile of a home-storage battery was used as a second test data set. The results are shown
in Figure 7. While Figure 7a covers the complete time series Figure 7b focuses on a section in the middle with fast
dynamics. The test results are in good agreement with experimental data for the complete load profile. The highest
relative approximation errors occur in the area of high SOC values. Note that the training loss was also high at high
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Fig. 6: Test results in comparison to experimental data at 7" = 25 °C for half cycles; (a) the complete time series;
(b) focus on the last three half cycles. [3]. CC BY 4.0 https://creativecommons.org/licenses/by/4.0/

values of SOC. The synthetic load profile covers the longest measuring time which is around 4.5 times as long as
the longest training time series. Nevertheless, the test results are good for the whole load profile.

4 Summary and Conclusions

We have shown how to couple physics-based ODEs and NODEs for GB modelling of lithium-ion batteries. The
derived model was trained and tested with experimental data of an LFP battery cell that is used in home-storage
applications.

As there was only little training data available, we split the training into two steps: first, a simplified static
model with neglected double-layer capacitance was trained with CCCV training data. In the second step, the fast
dynamics of the battery were taken into account.
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Fig. 7: Test results in comparison to experimental data at 7" = 25 °C for a synthetic load profile; (a) the complete
time series (b) focus on the segment in the middle. [3]. CC BY 4.0 https://creativecommons.org/licenses/by/4.0/

The final GB model can reproduce the complete set of training data with good accuracy. For the test data, the
simulations also show good agreement with the experiments. The highest approximation errors occur where the
OCV curve is very steep.

It would be beneficial to have more training data. Especially, the usage of training data from pulse tests with
different current steps would be of interest. A bigger data set would also allow a better model validation. A k-fold
cross validation could be used to evaluate the robustness of the model against the chosen training data.

Summing up, we have shown how to combine NODEs and physics-based ODEs for GB modelling of lithium-
ion batteries.
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